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Abstract 


The aim of this paper is to study the obstacle problem with an elliptic oper¬ 
ator having degenerate coercivity. We prove the existence of an entropy solution 
to the obstacle problem under the assumption of summability on the data. 
Meanwhile, we prove that every entropy solution belongs to some Sobolev space 
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1 Introduction 

1.1 Some remarks and comments 

We begin with some remarks about the Dirichlet problem 



( 1 . 1 ) 


where D C M^(iV > 2) is a bounded domain, 6 > 0,p > 1,1 < r < p, b is a. constant, / 
is a measurable function, a : Q x —>■ is a Caratheodory function, satisfying 


a{x,C) T > 

|a(a:,OI < 

(a(a:,0 - a{x,v)){^ - v) > 0, 
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for almost every x in 17 and for every ^,r] in 7 ^ r]), where a and (3 are positive 

constants. 


Problems of p—Laplacian type with lower order terms, i.e., 9 = Q, have been well 
studied in both the existence and regularity aspects with / having different summability, 
see ©[HIE] for instance. But due to the lack of coercivity of the differential operator 
with 0 > 0 (it may not tend to infinity on the same space as u becomes large), the classical 
methods used in order to prove the existence of a solution for elliptic equations (see m) 
cannot be applied even if the data / is regular. However, in ©(see also [161 113 122])) ^ 
whole range of existence results was proved for the problem 


plp. A{x)Vu 

(TTH7 

M = 0, 


/, 


in 17, 
on 917, 


( 1 . 2 ) 


under the assumptions that H is a uniformly elliptic bounded matrix and 9 G (0,1], 
yielding solutions in some Sobolev space lPo^’'^(17)(g < 2), if / is regular enough. 


For 0 > 0 and different summability of the datum /, Alvino, Boccardo, Ferone, 
Orsina, Trombetti, et ah, have done a lot of work on the existence and regularity of a 
solution to the problems like fll.2p fsee [H [21 [9l [161 [13 [22] and references therein). The 
lack of coercivity implies that the standard Leray-Lions surjectivity theorem can not be 
used even in the case / G (17). However, by cutting the nonlinearity and using 

the technique of approximation, a pseudomonotone and coercive differential operator on 
hFQ^’^(r 2 ) can be applied to establish a priori estimates on approximating solutions. As a 
result, existence and regularity of a solution to the problems like fll. 2 p can be obtained 
by taking limitation, due to the almost everywhere convergence for the gradients of the 
approximating solutions. 


This frame work has been extended to the problems with a lower order term, consid¬ 
ering 


—div 

tt = 0, 


A(x)\/u 

(1+H7 


u 


/, 


in 17, 
on 917, 


(1.3) 


with / G L"^{Q),m > 1. Existence of solutions (including distributional solutions (VF^’^- 
regular) and entropy solutions) was established in © © [15] . Recently, problems like (11.31) 
were extended to variable Sobolev space in [19], obtaining renormalized and entropy 
solutions with / G L^(17). 


However, there are little literatures that consider much higher regularity for entropy 
solutions of the problems like fll.ip with noncoercivity, lower terms and data. It is 
the purpose in this paper to establish a certain regularity for these entropy solutions. 
The interesting cases are those of 1 < p < A^, since for p > N the variational methods 
of Leray-Lions (see, for instance, [20]) can be easily applied to get a solution in some 
Sobolev space LFi’''(f7). 

We should mention that problems like (II.ip with 9 = 0 and 6 = 0, i.e., the case of p- 
Laplacian type, have been well studied in the past and have been extended to unilateral 
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problems in [3 UHl El] etc. in Sobolev space, and in [T21 E3] in variable Sobolev space 
and Orlicz Sobolev space respectively. We should also note that some regularizing effect 
on the solutions by lower order terms have been studied in [U [111 IIS] etc.. 


1.2 Our problem and main result 


In this paper, we study the obstacle problem for nonlinear noncoercive elliptic equations 
with lower order term and data / G L^{Q), considering the operator 

a(x, Vu) 


Au = —div 


—+ 6|ur M, (1.4) 

is a Caratheodory function. 


-)■ 


(1 + |u|)®(p-b 

where 6 is a nonnegative constant and a : Q x 
satisfying the following conditions: 

a(a:,0(1-5) 

|a(a:,OI </5(i(a^) + (1-6) 

{a{x,C) - a{x,7])){^-r]) > 0, (1.7) 

for almost every x in and for every r] in with ^ f], where a, (5 > 0 are 

constants, and j is a nonnegative function in (f2). 

Given functions g, 'll} & W^'^iVL), the obstacle problem associated with fll.4l) can be 
formulated in terms of the inequality 

r a(x,Vu) 

y^(i + iui)%-b 


v)dx + 

f b\uf ‘^u{u — 

v)dx 



/o 



< 

/ f{u-v)dx, 
Jn 


(1.8) 


whenever 1 < r < p, / G {Vt) and the convex subset 

= {u G Vh^’^(G); V — g G VhQ^’^(G), v > ip, a.e. in G} 

is nonempty. However, for a general / G L^{Q), the third integration in fll.Sp is not 
defined, and following mum etc., we are led to the more general definition of a solution 
to the obstacle problem, using the truncation function 

Ts(t) = max{—s, min{s, t}}, s,tGM. 

Definition 1 Hn entropy solution of the obstacle problem associated with {f,'ip,g) and 
f G L^(f2) is a measurable function u such that u> xp a.e. in G, G L^(G) and for 

every s > 0, Ts{u) — Ts{g) G iyj’^(f2) and 

r a{x,'Vu) 

(1.9) 


V{Ts{u — v))dx + / b\uf ^uTs{u — v)dx 

Jq 


< / fTs{u-v)dx, \/v e Kg^^. 
Jn 


3 








Throughout this paper, without special statements, we always assume 


1 ^ { N Ip — rl 

2 - — <p<N, 1 < r < p, 0 < 0 < mm —— --,-- 

N [A'—Ip—Ip—IJ 

and t/’jP e fl L°°(n), and {ip — p)+ G lTQ^’^(r2) such that ^ 0. We make 

further assumption on a: 


a(x,0 


a(x,p)| < 7 


1 '^ — if 1 < p < 2 , 

(1 +1^1 + ifp>2, 


( 1 . 10 ) 


for almost every x in hi, and for every (^, rj in M^, where 7 is a positive constant. 
The main result in this paper is 


Theorem 1 (i) Let f G L^{Q). Then there exists at least one entropy solution u of the 
obstacle problem associated with {f,ip,g). In addition, u depends continuously on f, i.e., 
fn ^ f in L^{fl) and Un is a solution to the obstacle problem associated with (/„, ip, g), 
then 


(( Njr-L N{p-l){l-9) \ .. 2^ <r <r n 

7, 7, 777 V/,^ (Z ) '^N+r-l^ N-l-6(p-l)) ^ -I N-1 — -U’ 

” * ./ I<r<min{f7,ri. 


( 1 , 11 ) 


(a) Let f G L^{fl). Then every entropy solution u of the obstacle problem associated 
with {f,ip,g) belongs to Sobolev space lT^’'^(r2) for all q given by (11.111) . 


Remark 1 (i) 


N{r-1) N{p-l){l-e) 
N+i — 1 ’ N—l—9(p—l) 


c 


jv(p-i)(i-e) 

N-i-e{p-i) 


n ^ p^ I pjr-l) _ V(p-l)(l-6>) N{r-l) 

^ p-1 W(p-l) ^ Af-l-e(p-l) ^ V+r-1’ 


*/ ^iv-l < r < p. Indeed, 


while 


2N-1 
N 


/ — I ^ • N(r—1) ^ 7 

— < r gives > 1 . 


Thus 


Un^u in iy^’''(fl) for all q G (l, • 

(a) r — 1 < Indeed, by 1 < r < there holds r — 1 < for 

any q > I, particularly, for g G (1, For r > it suffices to note that 


^ N(r-1) ^ 


1 < 


Ng 

N-q’ 


(iii) q <p. Indeed, 0 < 6 * < ^ 


jv(p-i)(i-e) 

N-l-e{p-l) ^ n- 


1.3 Notations 

ll'^llp = ||'*^||lp(o) is the norm of Lp{Q), where 1 < p < cxd. 

Il'^lli,p = ll'f^ll wi’P(o) is the norm of W^’'^{LL), where 1 < p < cxd. 
p' = with 1 < p < 00 . 
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M+ = max{tt, 0}, u~ = (—w)+, if w is a real-valued function. 

C is a constant, which may be different from each other. 

{u > s} = {x G fl;u{x) > s}. 

{u < s} = n \ {m > s}. 

{n < s} = {x G Q;u{x) < s}. 

{n > s} = n \ {m < s}. 

{n = s} = {x G ff; u{x) = s}. 

{f < n < s} = {n > f} n {n < s}. 

is the Lebesgue measure of M^. 

\E\ = C^{E) for a measurable set E. 

2 Lemmas on entropy solutions 

It is worthy to note that, for any smooth function /„, there exists at least one solution 
to the obstacle problem fll.81) . Indeed, one can proceed exactly as Theorem 7.1 of [15] 
to obtain solutions due to the assumptions fll.5|) - fll.7p on a and r — 1 < p. These 

solutions, in particular, are also entropy solutions. In this section we establish several 
auxiliary results on convergence of sequences of entropy solutions when /„—)■/ in L^{Q). 
We start with an a priori estimate. 

Lemma 2 Let vq G fl and let u be an entropy solution of the obstacle 

problem associated with [f^'if^g). Then, we have 



where C is a positive constant depending only on a,l3,p,r,b, \\j\\p', ||Vno||p, ||no||oo, and 


ll/lli- 


Proof. Take Xo as a test function in fll.91) . For t large enough such that t — ||xo||oo > 0, 
we get 



( 2 . 1 ) 
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We estimate each integration in the right-hand side of fl2.ip . It follows from fll.dp and 
Young’s inequality with e > 0 that 


'{ho 


a{x, Vm) ■ Vuo 
-u\<t} (l + k|)^(p-d 


dx < 


< 


< £ 


+ \Vu\P) 


{ho-ni<t} (1 + 

f |Vw|P 


'-'{ho 
dx -f 


/3(|j| + |V^ri)-|Vxo| 

-.|<q + 


dx 


yC{e)\Wvo\P 


'(ho 




{ho-«i<d (1 + 

dx + C'(||j||J + ||VxoP. 


dx 


( 2 . 2 ) 


— / 6|'u|'’ ^uTt{u — xo)dx = — 6|'u|'’ ^uTt(u — xo)dx 

Jq J {\u—vo\<t} 

— f b\u\'^~‘^uTt{u — xo)dx. 

J (h—tio|>i} 

Note that on the set {|m — Xo| < t}, 

\\u\’'~^uTi{u - ti|,)| < t\t + ||<J(,||„„r"' < C(1 + f), 


(2.3) 


(2.4) 


where (7 is a constant depending only on r, ni^uiioo- 
On the set {|ti — Xo| > t}, we have |ti| > t — H'yolloo > 0, thus u and Tt{u — Vq) have the 
same sign. It fllows 


2 {|M-Wo|>t} 

Combining fl2.3p - fl2.5ll . we get 


h\u\^ ^uTt{u — xo)dx < 0. 


(2.5) 


— / h\u\^ ^uTt{u — vo)dx < C{1 + f). 

Jn 


( 2 . 6 ) 


/ d |hp_i)‘4^ < 67 (||j|||(, + llVwoll)) + f||/||i + 1 + r 

' {\vo—u\<t} O ' 1^1/ 

<C{l + f). 


(2.7) 


Replacing t with t + ||xo||oo in (12.711 and noting that {|ti| < t} C {|xo — m| < t + ||xo||oo}, 
one may obtain the desired result. □ 


In the rest of this section, let {un} be a sequence of entropy solutions of the obstacle 
problem associated with {fn,'4’,g) and assume that 


fn^f in L^(0) and ||/n||i < ||/||i + 1- 
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Lemma 3 There exists a measurable function u such that Un ^ u in measure, and 
Tk{un) Tk{u) weakly in for any k > 0. Thus Tkiun) Tkiu) strongly in 

LP{Q) and a.e. in 


Proof. Let s, t and e be positive numbers. One may verify that for every m,n> 1, 


- uj > s}) < C''({|u„| > (}) + C''({|«ml > (}) 

+ £''({|ri(ti„)-rtK.)|>i,}). 

and 

£"({i«„l>*}) = ^ / f \r(u„)\’’dx. 

^ Jn 

Due to vq = g + {fj — g)~^ E O by Lemma El one has 

[\VTt{un)\Pdx= [ \Vu^\Pdx 
Jfl J {\Un\<t} 


( 2 . 8 ) 


(2.9) 


( 2 . 10 ) 


Note that Tt(Un) — Tt{g) e Wt))'^(tl). by 112.911 . 112.1 OB and Poincare inequality, for every 

t > 11 S'I loo and for some positive constant C independent of n and t, there holds 

£'^({|«„l > i}) < i / \T,(u^WAx 

^ Ju 

op-i r 2P~^ 

\Tt{un) - T,{g)\^dx + 

c r 2P~^ 

<- / |vr*K)-vr,(f7)rd(r+ ^11^11^ 

<^^|VT,(«„)|fdi + ^||j||', 

^ 0(1 + 

“ tp 

Since 0 < 0 < there exists 4 > 0 such that 

— p— 1 ’ ^ 


C^{{\Un\ >t}) < -, V t > te, V n > 1. 


( 2 . 11 ) 


Now we have as in fl2.9l) 


{{\TM - T,^{u^)\ >S}) = - s^dx 

d{|rt,(n„)-Tt,(n ™)|>4 

<4 / \TtAUn) -Tt^{Um)\^dx. 
Jn 


( 2 . 12 ) 
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Using fl2.10p and the fact that Tt{un) — Tt{g) e VUQ’^(f2) again, we see that {Tt^{un)} is a 
bounded sequence in W^’^iVL). Thus, up to a subsequence, {Tt^Un)} converges strongly 
in Taking into account fl2.12p . there exists no = s) > 1 such that 

{{\Tt^{un) - Tt^{um)\ > s}) < Vn,m>no. (2.13) 

Combining fl2.8p . fl2.1ip and fl2.13p . we obtain 

C^{{\un - Um\ > s}) < e, Vn,m>no. 

Hence {«„} is a Cauchy sequence in measure, and therefore there exists a measurable 
function u such that Un ^ u in measure. The remainder of the lemma is a consequence 
of the fact that {Tfc(n„)} is a bounded sequence in □ 


Proposition 1 There exists a subsequence of {un} and a measurable function u such 
that for each q given in fll.lip . we have 

Un ^ u strongly in 


If moreover 0 < 0 < min{^y^^, then 


a{x, Vun) a{x, Vn) 

(TTkP^ ^ (1 + |n|)Up-i) 


strongly in 


To prove Proposition (H we need two preliminary lemmas. 


Lemma 4 There exists a subsequence of {un} and a measurable function u such that for 
each q given in fll.lll) . we have Un ^ u weakly in and Un ^ u strongly in 


Proof. Let k > 0 and n > 1. Dehne = {\un\ < k} and = {k < \un\ < A: + 1}. 
Using Lemma [2] with Vq = g + {'ll: — g)^, we get 

P-14) 

where C is a positive constant depending only on a, /?, p, r, ||j||p', ||/||i, ||Vno||p, and 

11 11 oo • 


Using the function Tk{un) for k > 
associated with {fn^'f’yd), we obtain 

f a{x,VUn) -VlTilUn-TkiUn))) 


005 II 'r ||00 


3 , as a test function for the problem 


(1 + |w„|)Up-i) 


dx+ b\Unf UnTi{Un - Tk{Un))dx 


< / fnTi{Un-Tk{Un))dx, 




















which and fll.Sp give 


r aWu 1^ f 

/ 7m- \\d(r> n dx+ / b\Un\''~'^UnTi{Un-Tk{Un))dx <\\fn\\l 

hu (1 + \Un\rP Jq 


<ll/l|l + l- 

Note that on the set {|Mn| > ^ + 1}, Un and Ti(m„ — Tk{un)) have the same sign. Then 


I \'^n\ '^nT\{Un 7fc('Ufi,))dx / \Un\ ^fc(^n))dx 

'o J Dk 

T / |^n| ^nT\{Uji T}^iyUn)')dx 


J{|u„|>fc+ 1 } 

^ / |^n| BjjiT\{Un T/j('U^))dx. 

Jb^ 


Thns we have 


/ n ^ ~ / ^ 1 “”!’' VTi(n„ - rfc(n„))dx 

'b, (1 + is. 


< ll.y 111 


h\UnY ^dx 




<C(l+( / |n„|‘'dx ) |5fc| ^ ), 

'Bk 


r — 1 

il_r-i 


(2.15) 


where q is given in fll.lip and q* = 

Let s = Note that q < p and ^ < q*. For V/c > 0, we estimate iVwnl'^dx 


as 


follows 


f \VUnYdx=f IN, • (1+ |lln|)Mx 

'Bfe JBk U + \^ri\) 



pa 

(1 + In^D^dx 



<C 


Bk 

i\Bk\^+ ( ! \unY*dx] | 5 fc|“"? 




0* {J \unY*dxj + \BkY |nn|‘'‘dx 

+ \BkY~P^(^J !«„!''*dx^ ^ by (|2.15|) 


Bk 


Pi 
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Pi 


= C|^|i?fc| p +\Bk\ p y l^nl'^'da; 
+ [ \unfdx 

+ \Bk\^-P^-^^\Bkf^{ I lun^dx 


Bk 

where pi = p^,P 2 = ^ + C 2 are positive constants to be chosen later. 

Note that 9 < it follows 

p—1 ’ 

eip-l) r-l P-1 ^ 1 ^ 1 1 

- 1 -< - <1 -— — 1 - 1 -. 

p p p JM q q* 


Thus 


6q(p — 1) q(r — 1) ^ q 

- - + — - - + 1 <q + — 

p p q* 

, 1 . ,9 

s H-h 1 < O' H- 

p q* 

1 — P 2 Q 
^P2 + -p^< 4- 

q* + 1 q 

Note that Pi < P 2 < 1- Then for i = 1, 2, we always have 

1 - Pi Q 


Pi 


< — < 1 . 


g* + 1 q* 

From this, we may hnd positive Ci{i = 1,2) such that 

Pi + - 7 ^ <Pi + Ci < ^ <1, i = l,2. 
q* + I q 


It follows 


which implies 


1 -Pi 
g* + 1 


<Ci^l-Pi-Ci<Ciq\ i = l, 2 , 


Ciaiq* = 


Qg* 


1 - Pi-Ci 


> 1 , i = l, 2 . 


(2.16) 


(2.17) 


with tti = Tj—h_^ > 1 , i = 1, 2. Let jdi = > l,i = 1,2. Then we have — + T = 

J- Pi Pii^i Pi 

lit = 1,2). 

Since \Bk\ < |'U„|'^*da;, and we 


have for P > /cq > 1 



\VUn\‘^dx < 


c 




( p~g 

V p 




+ 


c 

kq*Ci 




Pi+Ci 
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c 


kq*C2 


\ p2-\-C2 


Ur 


*dx ] 


' Bk 




Summing up from k = ko to k = K and using Holder’s inequality, one has 

K ^ / K ^ \ z / 

/ |Mn|'^*dx 


U—U^ J Bk \ U—U^ k P 


k=kQ 


/ _ J , ^*/ P-Q S \p 


k=kQ 


P-Q 

P 


K 


HE 


k=ko 

K 


HE 


kq*C\ax 

1 


^ / K 


kq*C2a2 

1 


■‘■(E 

k=kQ 
K 

E 


■ k=kQ 

^ fc=fco ^ 
K 


\ /^i{pi+Ci)\ ^ 


Ur 


' Bk 


'dxj 


k=ko 


Ur 


*dx ] 


\ /32(P2+C2)\ ^ 






£ / X 

V 


/ |Mn|'^*dx 

fc=fco 


P-g 

P 


HE 


k=kQ 

K 


kq*C\a\ 


- / ^ 

E 


u, 


k=kg 


\ pi+Ci 

|‘'*dxj 


HE 


1 X ^ 

1 \ “2 


k=ko 


kq*C2a2 


\ P2+C'2 

y^ / |Un|‘'*dxJ 


k=kQ 


Note that 


' Bk 


K 




(2.18) 




|Vu„|‘'dx= / |Vu„|Mx+ 5^/ iVu^rdx. 

^ U—U^ Bu 


(2.19) 


To estimate the hrst integral in the right-hand side of fl2.19p . we compute by using 
Holder’s inequality and fl2.14p . obtaining 


'Dkg 


|Vu„|'^dx < 


|Vu„|P dx^ ^ 


/c.ji + 


pa 

(1 -1- |u„|)^dx 


P-9 

P 




( 2 . 20 ) 


where C depending only on a, 13, p, 9, \\j\\p', \\f\\i, ||Vuo||p, ||uo||oo and ko- 

Note that Ef=fco ^nd Ef=fco converge due to the fact that q*{^- 

^)| > 1 and q*Ciai > 1 by (12.171) . respectively. Combining fl2.18p - fl2.20p . we get for ko 
large enough 


/ |Vm„|Mx < C' + C' 

Um<k} 


c 


) p-(l 

+ c 

.. 

p \ P2-I-C2 

/ |Mn|'^*dx) 

hWr.\<K} / 



pi+Ci 


( 2 . 21 ) 
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Since p > q, TK{un) G Txig) = g & W^'^{Vl) ioi K > ||fif||oo. Hence Txiun) - 

g G Ho’'^(f2). Using the Sobolev embedding Hg’^(f2) C L'?*(f2) and Poincare inequality, 
we obtain 


r^K)||^*<2^-^(||T;,K)-^11^*+ 11^11^0 
<C'(||V(T^K)-^7)||^ + ||^?||^*) 
<C(||VT^M||^ + ||V^||^ + 


<C{1+ 

J{\Un\<K} 


Using the fact that 


( 2 . 22 ) 


J{\Ur,\<K} 

we obtain from fl2.21l) - fl2.22l) . 


Unfdx< / \TK{Un)fdx < \\TK{Un)\\l*, 

J{\u„\<K} 


(2.23) 


Q P-Q 
q p 


/ |Vu„|''dx<C' + C' 1 + / |Vm„|Mx 

U\Un\<K} V J{\Ur,\<K} 

(Pl+Cl)^ 

+ C{1+ I IVMnlMx' 

'{\nn\<K} 

\ (P2+C2)- 

+ ^( 1 +/ |Vm„|Mx) 




(2.24) 


Note that p < N ^ ^ ^ + C'i)y < 1 by (I2.16p . It follows from (12.241) that 

for fco large enough, |VM„|^dx is bounded independently of n and K. Using 

fl2.22p and fl2.23p . we deduce that |M„|'^*dx is also bounded independently of n 

and K. Letting iP —)■ 00 , we deduce that ||Vrin||g and ||ttn||g* are uniformly bounded 
independently of n. Particularly, Un is bounded in fU^’'^(f2). Therefore, there exists a 
subsequence of {un} and a function v G lU^’'^(ff) such that Un ^ v weakly in lU^’'^(f2), 
Un ^ V strongly in L'^(f2) and a.e. in ff. By Lemma |3l —)■ w in measure in f2, we 
conclude that u = v and u G VU^’'^(H). □ 


Lemma 5 There exists a subsequence of {«„} and a measurable function u such that 
Vun converges almost everywhere in fl to Vu. 


Proof. The proof is quite similar to Theorem 4.1 in [T], which can be also found in 
[B]. Here we sketch only the main steps due to slight modihcations. For r 2 > 1, let 
A = ^ < 1, where q is the same as in Lemma 01 Dehne H(x, u, (for the 

sake of simplicity, we omit the dependence of H(x,'u,^) on x) and 

H'>^) = / {{A{Un,VUn) - A{Un,Vu)) -ViUn - u))^dx. 

Jn 
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We fix A; > 0 and split the integral in I{n) on the sets {|n| > k} and {|n| < k}, obtaining 
Il{n,k)= / {{A{Un,VUn) - A{Un,Vu)) -ViUn- U))^dx, 

J {|u|>fe} 


and 

l2{n,k)= / {{A{Un,VUn) - A{Un,Vu)) -ViUn- u))^dx. 

J{\u\<k} 

For l2{n,k), one has 

h{n,k)<l 3 {n,k)= [ Vn^) - An{un,VTk{u))) ■ V{un - Tk{u))Ydx. 

Jo, 

Fix h > 0 and split l3{n,k) on the sets {|n„ — Tk{u)\ > h} and {|n„ — Tk{u)\ < h}, 
obtaining 

h{n, k,h)= {{An{Un,VUn) - An{Un,VTk{u))) ■ V(tin - Tk{u)))^dx, 

J {\un-Tk(u)\>h} 

and 

hin, k,h)= {{An{Un,VUn) - An{Un,VTk{u))) ■ V {Un - Tk{u)))^dx 

J {\un-Tk{u)\<h} 

= [ {{An{Un,VUn) - An{Un,VTk{u))) ■VTh{Un-Tk{u)))^dx 

Jn 

< {An{un,Vun) “ , VTfc (w))) ■ - Tfc (w) )dx 

= \n\^-^{h{n,k,h))\ 

For Ie{n, fc, h), it can be split as the difference Ij^n, k, h) — Is{n, k, h) 
where 


h{n,k,h) = / A{un,Vun) ■VTh{un-Tk{u))dx, 
Jn 


and 

h{n,k,h)= [ A{un,VTk{u)) ■VTh{un-Tk{u))dx. 

Jn 

Note that iVn^l is bounded in L^{VL) and Xpr 2 = q. Thanks to Lemma [3] and Lemma HI 
one may get in the same way as Theorem 4.1 in [1] that 

lim limsup/i(n, A:) = 0, lim limsup hmsup/ 4 (n, A:, h) = 0, limJ8(n, A:, h) = 0. 

k^oo h^oo ji^oo n^oo 
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For Ij{n, k, h), let k > max{||5f||oo, ||'0||oo} and n > h + k. Take T^iu) as a test function 
for fll.Qp . obtaining 


Ij{n,k,h) < f fnThiUn - Tk{u))dx + [ b\Un\'’ ^UnTh{Un - Tk{u))dx. 

Note that r — 1 < q*, and \un\'^*dx is uniformly bounded (see the proof of Lemma 
up, thus \un\ converges strongly in L^{Q). Therefore we have 

lim [ \un\''~‘^UnTh{un - Tk{u))dx = [ \u\''~'^uTh{u-Tk{u))dx. 

Then using the strong convergence of /„ in L^(r2), one has 

lim 17 ( 71 , fc, h) < —fTh{u — Tk{u))dx + / b\u\^~‘^uTh{u — Tk{u))dx. 

Jn Jn 


It follows 


lim lim 17 ( 71 , k, h) < 0. 

fc—>-00 n—>-oo 

Putting together all the limitations and noting that /(ri) > 0, we have 

lim /(n) = 0. 

71^00 

The same arguments as [T] give that, up to subsequence, Vun{x) —)■ V7i(a;) a.e.. □ 


Proof of Proposition [T], We shall prove that Vti^ converges strongly to Vti„ in 
L'^{Q) for each q, being given by fll.lll) . To do that,we will apply Vitalii’s Theorem, 
using the fact that by Lemma 01 Vti^ is bounded in L'^{Q) for each q given by fll.lll) . 
So let s G (g, ) and £' C be a measurable set. Then, we have by Holder’s 

inequality. 

j iVunl’^dx < (^j iVtinrdxy ■ |F;|^ < ^0 


uniformly in 71, as \E\ —)■ 0. From this and Lemma [5], we deduce that Vun converges 
strongly to Vti in L^(f2). 

Now assume that 0 < 6* < min{ Note that since Vtin con¬ 

verges to Vti a.e. in H, to prove the convergence 


a{x,Vun) a^Xj'Vu) 

(1 -f |71n|)^(P"^) ^ (1 + 


strongly in (L^(f2))^, 


it suffices, thanks to Vitaliis Theorem, to show that for every measurable subset E G kl, 
Ie I (i+[r’])^(p-i) 1 *^^ converges to 0 uniformly in 77, as \E\ 0 . Note that p — 1 < 
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) by assumptions. For any q ^ {p — 1, ^3yi||^zY)))’ deduce by Holder’s 

inequality 


a{x,Vun) 


(1 + |u„|)%-b 


dx < (3 {j + |Vun|^ ^)dx 


< 


\E\-p+f3{ / iVu^lMx 


, , ,1 ‘i-p+i 

\E\ 1 


0 uniformly in n as |i?| —)■ 0. □ 


Lemma 6 There exists a subsequence of {un} such that for all k > 0 


a{x,VTk{un)) a(x, VTfc(ti)) 


strongly in (L^(H))^. 


Proof. Let be a positive number. It is well known that if a sequence of measurable 
functions {un} with uniformly boundedness in L^{Q){s > 1) converges in measure to u, 
then, Un converges strongly to u in L^(H). First note that the sequence { (i+|rfc^^*)|y’"p-i) ^ 
is bounded in Indeed, we have by fll.bp and Lemma [2], 


a{x,VTk{un)) 


(l + |T,K)|)%-i) 


dx < /3\\jfp, + (3 

</?iiiii":+/3 

< C. 


f \Vn{Un)\P 
l^{i + \n{un)\yp "" 
f \Vn{Un)\P 
'n (1 + \Tk{un)\y^^~^'^ 


dx 


Next, it suffices to show that there exists a subsequence of {un} such that 
a{x,VTk{un)) a{x,VTk{u)) 

7-TTTTT-77777-TT ^ 7--"T lU mCaSUrC. 

(i + |TfcK)|)%-i) (i + |rfc(u)|)%-i) 

Note that u G fF^’'^(H), where q is the same as in Proposition [H The a.e. convergence 
of Un to u and the fact that Vun ^ Vu in measure imply that 

VTkiun) —!■ VTkiu) in measure. 

Let s, the positive numbers and write V au = ■ Dehne 

En = il'^ATkiUn) - VATk{u)\ > s}, 

E^^ = {\VTkiUn)\>t}, 

El = {\VTk{u)\>t}, 

El = End {\VTk{Un)\ <t}n {|VTfc(u)| < f}. 
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Note that <Z El^U E‘^U E'^ for each n > 1. Using the fact by Lemma 01 the sequence 
{un} and the fucntion u are uniformly bounded in we obtain 

C^{El) <^ [ iVTfeMIMx < i / iVunl'^dx < 








< - / |VTfc(w)|‘'dx < - / IVmIMx < 






C 

u' 


We deduce that for any e > 0 there exists > 0 such that 


C^{El) + C^{El)<^-, W>U, Vn>l. 


(2.25) 


Note that for a>6>0,7>0, we have the following inequality 


(1 + a)^ (1 + by 


T{b — a) 


(1 + c)^+^ 


< r|6 — a| for some c G [b, a]. 


We deduce from fll.lOl) and fll.bp that in E^ 

a{x, VTk{un)) - a{x, VTk{u)) 


S < \VATkiUn) - VATkiu) \ = 
1 


(1 + |T,(«J|)Up-i) 


a{x,VTk{u)) 


{1 + \Tk{ur,)\y(p-d {1 + \Tk{u)\y(P-d ^ 

< 9{p - l)\Tk{un) - Tk{u)\ ■ y{j + \VTk{u)ry 

f jVTk(un) -VTk(u)y-y ifl<p<2 

+ ivTk(uy-vTk(u)yi + ivTk(uyi + ivTk(u)iy-y ifp>2 

< CojjTk(uy - Tk(u)j 

+ C'o(l + + E-y(lTk(un) - Tkiu)\ + \VTkiun) - VTfc(M)l), 

which leads to E^ <Z EiU F 2 , with 

El = {j\Tk{un) - Tk{u)\ > ^}, 


E2 = S \Tkiun) - Tk{u) \ + iVTkiun) - VTfc(ti)| > 


2Co{i + tp-^ + tp-y 


In El, we have 


c^{Ey = ^ / ^dx < ^ / j\Tk{uy-Tk{u)\dx. 
s 2 Co s Jf^ 

By Lemma [ 3 l we deduce that there exists no = no(S', Uq, e) such that 


(El) < -, V n > no- 


(2.26) 
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For F 2 , note that C F 3 U Ft, with 


Fs 

F, 


\Tk{Un) - Tk{u)\ > 


\VTk{Un) - VTfc(«)| > 


ACoil + tP-^ +tP-‘^) j’ 
s 


ACo{l + tP-^ +tP-‘^) 


Using the convergence in measure of VTk{un) to VTk{u) and Tk{un) to Tk{u), for t = F, 
we obtain the existence of ni = ni(s, e) > 1 such that 

F'^(F 2 )<£'^(F 3 ) + £'^(F 4 )<|, Vn>ni. (2.27) 


Combining fl2.25p . fl2.26p and fl2.27p . we obtain 

{{\VATk{un) -VATk{u)\ > s}) < e, V n > max{no,ni}. 


Hence the sequence {VATk{un)} converges in measure to VATk{u) and the lemma fol¬ 
lows. □ 


3 Proof of the main result 


Now we have gathered all the lemmas needed to prove the existence of an entropy solu¬ 
tion to the obstacle problem associated with (/,' 0 , 5 ')- In this part, let /„ be a sequence 
of smooth functions converging strongly to / in ^^(12), with ||/„||i < ||/||i + l. We 
consider the sequence of approximated obstacle problems associated with As 

mentioned in Section 2, one may proceed exactly as in [15], where the existence of a 
solution for nonlinear elliptic equations with degenerate coercivity was established, to 
get a solution G associated with Obviously, Un is also an entropy 

solution. 


Proof of Theorem [T]. Let v G Kg^^. Taking n as a test function in (11.91) associated 
with we get 


a(x, VUn) 

(l + |n„|)%-i) 


V {Tt{Un - v))dx + / felUnT UnTt{Un - v)dx 

Jn 

< f fnTt{Un - n)dx. 

Jn 

Since {|n„ — v\ < t} G {\un\ < s} with s = t + ||'y||oo, the previous inequality can be 
written as 


XiNATsiun) ■ Vnda:> / -fnTt{un - n)da; -F / b\un\'' UnTt{un - n)da; 
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( 3 . 1 ) 


+ / XiNATs{Un) ■VTs{Un)dx, 


where Xn = X{\ur,-v\<t} and Vau = • It is clear that XnX weakly* in L°°{n). 

Moreover, Xn converges a.e. to X{\u-v\<t} in f2 \ {|m — n| = t}. It follows that 

_ J 1, in {|m — n| < t}, 

^ \ 0, in {|m — n| > t}. 

Note that we have —n| = t}) = 0 for a.e. t G (0, oo). So there exists a measnrable 

set O C (0, oo) snch that C^{{\u — n| = f}) = 0 for all t G (0, oo) \ O. Assnme that 
t G (0, oo) \ O. Then Xn converges weakly* in and a.e. in to x = X{\u-v\<t}- 

Since VTs(n„) converges a.e. to VTs(n) in (Proposition [1]), we obtain by Faton’s 
Lemma 


liminf / Xn'^ATs{un) ■ VTs{un)dx > / x'^ aTs{u) ■ VTs{u)dx. 


(3.2) 


Using the strong convergence of VATs{un) to VaTs{u) in L^(fl) (Lemma |6]) and the 
weak* convergence of Xn to y in L°°(fl), we obtain 


lim / XrNATs{un) ' Vndx = / x^ aTs{u) ■ Vndx. 

n^oo /o /o 


(3.3) 


Moreover, dne to the strong convergence of /„ to / and to (by r — l<q* 

and the bonndedness of ||Mn||g«) in L^(f2), and the weak* convergence of Tt{un — v) to 
Tt{u — v) in L°°(fl), by passing to the limit in fl3.ip and taking into acconnt fl3.2p - fl3.3l) . 
we obtain 

f x'^ATsiu) -Vvdx - f x'^ATsiu) ■VTs{u)dx > f -fTt{u-v)dx 
Jq Jq. Jfi 

+ / b\u\'^~‘^uTt{u — n)dx, 

Jn 

which can be written as 

/ x'^ aTs{u) ■ (Vn — V'u)da; > —fTt{u — n)dx + /6|'u|''“^MTt('u — n)dx, 

J {\v—u\<t} Jo. Jo. 

or since y = and V{Tt{u - v)) = X{\u-v\<t}'^{u - v) 

VAU-'VTt{u — v)dx + / h\uY~‘^uTt{u — n)dx< / fTt{u — n)dx, V t G (0, oo)\0. 

Jq Jq Jq 

For t E O, we know that there exists a seqnence {tk} of nnmbers in (0, oo) \ O snch that 
tk ^ t dne to \0\ =0. Therefore, we have 


/ VAU-VTt^iu - v)dx + / b\u\'' uTt^^{u - v)dx < / fTt^{u - v)dx. (3.4) 
'n Jn Jn 


18 








Since V{u — v) = 0 a.e. in {|ti — n| = t}, the left-hand side of fl3.4p can be written as 


Vau ■ yTt^{u - n)dx = 




X{\u-v\<tk}^AU ■ V{u - v)(lx. 


The sequence X{\u-v\<tk} converges to in \ {|ri — v\ = t} and therefore 

converges weakly* in L°°{Q \ {|ti — r>| = t}). We obtain 


lim / Vau ■'VTt^{u — v)dx = 


k^oo 


/ X{\u-v\<t}'^ au ■ V(m - v)dx 

/ X{\u-v\<t}'^ au ■{u - v)dx 


= / Vam ■ yTt{u — n)dx. 


(3.5) 


For the right-hand side of fl3.4|) . we have 




r>)da; 


< |4 


^1 ■ ll/lli ^0 as /c —)■ cxD. 


Similarly, we have 


(3.6) 





^-^uT,{u 


n)dx 


<|4 - t\- |||m|'' ^lli 
—>■ 0 as fc —)■ cx). 


(3.7) 


It follows from fl3.4l) - fl3.7p that we have the inequality 

/ VaW ■VTt{u — r>)da:-|- / h\uY~‘^uTt{u — n)da:< / fTt{u — n)da:, V t G (0, cx)). 

Ju Jfi Ju 

Hence, u is an entropy solution of the obstacle problem associated with {f,'ip,g)- 

For the regularity of an entropy solution u, it suffices to replace Un and /„ with u 
and / respectively in Lemma [Hand one can obtain the boundedness of u in VF^’'^(ff). □ 
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